Abstract. We prove a Lichnerowicz type lower bound for the first nontrivial eigenvalue of the p-Laplacian on Kähler manifolds. Parallel to the p = 2 case, the first eigenvalue lower bound is improved by using a decomposition of the Hessian on Kähler manifolds with positive Ricci curvature.
Introduction
Let (M, g) be a n-dimensional compact Riemannian manifold. The p-Laplace operator ∆ p is defined by
This is a generalization of the classical Laplace operator (p = 2) and has found many applications in mathematics as well as physics. While it is only a quasilinear elliptic operator for p = 2, the p-Laplacian shares many characteristics to the classical Laplacian. See, for instance, [6] , [7] for a general reference on the p-Laplacian. The corresponding p-Laplace eigenvalue equation is given by ∆ p (f ) = −µ|f | p−2 f, with appropriate boundary conditions. This equation arises from the following variational characterization of the first nonzero eigenvalue given by
for closed M and
if we impose the Dirichlet boundary condition. Note that unlike the case p = 2, the eigenfunctions have only partial regularity, i.e., of class C 1,α and for µ 1,p = 0, they are never C 2 (c.f. [3] ). Note that f is smooth away from the set {∇f = 0}. In [9] , a Lichnerowicztype lower bound was established for µ 1,p , namely, on complete n-dimensional Riemannian manifolds with Ric ≥ Kg, K > 0, and p ≥ 2,
In fact, this was shown in a slightly more general context of integral Ricci curvature conditions. Here we show that the lower bound can be improved on Kähler manifolds. 
If ∂M = ∅, we assume the convexity condition that H + 1 p−1 II(Jn, Jn) ≥ 0 and the Dirichlet boundary condition, where n is the unit outward normal vector field on ∂M, H is the mean curvature, and II is the second fundamental form. Then for p ≥ 2,
When p = 2, this recovers the results of Urakawa [10] for the closed case and Guedj, Kolev, and Yeganefar [2] for the Dirichlet boundary case. See also [1] and [5] regarding the lower bound when p = 2. Remark 1.1. Using the methods of [9] , we can show for p > 2 that a lower bound holds under the assumption of integral Ricci curvature. See Remark 3.2.
In §2, we give some backgrounds concerning manifolds with boundary and give a Reilly formula adapted for the p-Laplacian case. In §3, we give some detail for the decomposition of the Hessian on Kähler manifolds and prove the eigenvalue lower bound by applying this decomposition to the Reilly formula.
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p-Reilly formula
Let (M, g) be a compact Riemannian manifold with boundary. Definition 2.1. The second fundamental form is
where n is the unit outward normal vector on ∂M.
We begin with the following basic fact.
be an adapted orthonormal frame tangential to M and {e ν } n ν=m+1
normal to M. Then for 1 ≤ i, j ≤ m, the Hessian is related by
Specializing to hypersurfacesM n−1 ⊂ M n , choose a point so that ∇ en e n = 0. We trace to get
where H is the mean curvature.
As noted in [2] , on Kähler manifolds, we have the following decomposition of the Hessian into the sum of a J-symmetric bilinear form and a J-skew-symmetric bilinear form:
Here the skew-symmetrization of H 1 will lead to the (1, 1)-Hessian and H 2 is the (2, 0)+(0, 2) Hessian. Under this decomposition,
Note that the above holds for complex manifolds and does not require that the complex structure be covariantly constant. The Kähler structure is used later when we want to relate Hess f, J * Hess f to a curvature term. We first establish a p-Reilly formula,
Remark 2.1. See also a related Reilly type formula on Kähler manifolds in [11] , and a similar p-Reilly formula in [12] . Here we used the decomposition of the Hessian using H 2 . If instead we use the decomposition with H 1 , then we obtain a Reilly formula similar to the one presented in [11] , where for p = 2, the Ricci term cancels out. See Remark 3.1.
Proof. We integrate the following p-Bochner formula (Lemma 3.1 [9] , note the typo in the statement there but is otherwise used correctly in its application).
Integrating the left hand side, we have
Pointwise, using an (adapted) orthonormal frame {e i } with e n = n and (3) we have
Hess f (e n , e i )∇ i f
Hess f (e n , e i )∇ i f.
For fixed i ≤ n − 1, we have Hess f (e n , e i ) =
Combining, we get
Integrating the right hand side of the p-Bochner formula, for the third term we integrate by parts to obtain
Using the decomposition of the Hessian,
and combining the equations, we obtain the result.
Proof of Theorem 1.1
To obtain the Lichnerowicz estimate for p = 2, one usually applies the Cauchy-Schwarz inequality to the norm of the Hessian to relate to the Laplacian. On Kähler manifolds, we can take advantage of the decomposition of the Hessian which contains a curvature term. This was a key observation in [2] and we modify to the p-Laplacian case. Consider the term
Using an (adapted) orthonormal frame {e i } with e n = n, the second term on the right hand side is expressed locally as
Here we used the fact that ∇J = 0. The first term on the right hand side of (5) can be modified in the following way: We are tracing over an orthonormal frame {e i }, so instead, we trace over the frame {Je i }. Then
R(e i , ∇f, e i , ∇f ) + R(e i , J∇f, e i , J∇f )
where the second to last line uses the Bianchi identity. The second term on the right hand side of (5) is given locally as
Hess f, J * Hess f .
So combining, we get
Applying divergence theorem to the above equation, the integrand of the boundary term is
From the decomposition
for X, Y ∈ T p (∂M) and 
Combining (6) with the Reilly formula (4), we havê
Hess f (J∇ ∂M f, Je n )
Now we are ready to prove Theorem 1.1.
